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We verify the accuracy and the truncation errors of approximation to the first derivatives and to Laplacian operator in
the lattice Boltzmann method. The truncation errors are calculated by the Taylor series expansion, and the influences
are analytically and numerically examined in the simulation of two-phase flow. We propose the 4th-order accurate
approximations to derivatives that utilize the property of the tensor unlike the finite difference. Application of the 4th-
order accurate approximation scheme to two-phase flow simulation reduces the spurious current around the interface
of a stationary droplet about to one-half of the results with the 2nd-order accuracy. The small spurious velocity in
the vicinity of the interface of the 4th-order approximation increases the speed of a moving droplet, and distorts the
shape of the droplet little. It is shown that the approximation method affects the important physical values, such as
velocity, moving speed, or domain size in numerical simulations.
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(a) Hexagonal lattice (b) Square lattice
Fig. 1 Schematic of lattice nodes.
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Table. 1 Truncation Errors
The first derivative @Á0@x
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????i = 10 ¡ 80 ??Fig.1(b) ?????????????
?????i = 1¡ 8???????? 2??????????
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Table. 2 Convergence behavior for u
Lattice size E1 L2
16£ 16 2:699£ 10¡1
32£ 32 6:898£ 10¡2 -1.9683
64£ 64 1:733£ 10¡2 -1.9927
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Table. 3 Convergence behavior for @xv
Lattice size E2(1) L2(1)
? 16£ 16 2:2118£ 10¡1
32£ 32 5:9104£ 10¡2 -1.9039
? 64£ 64 1:5022£ 10¡2 -1.9762
? 128£ 128 3:7708£ 10¡3 -1.9941
Lattice size E2(2) L2(2)
? 16£ 16 3:7326£ 10¡1
2nd-order 32£ 32 1:0685£ 10¡1 -1.8046
? 64£ 64 2:7639£ 10¡2 -1.9508
? 128£ 128 6:9689£ 10¡3 -1.9877
Lattice size E2(3) L2(3)
? 16£ 16 2:2118£ 10¡1
32£ 32 5:9104£ 10¡2 -1.9039
? 64£ 64 1:5022£ 10¡2 -1.9762
? 128£ 128 3:7708£ 10¡3 -1.9941
Lattice size E2(4) L2(4)
16£ 16 1:4515£ 10¡1
32£ 32 3:5231£ 10¡2 -2.0426
64£ 64 8:7129£ 10¡3 -2.0156
128£ 128 2:1718£ 10¡3 -2.0043
Lattice size E2(5) L2(5)
16£ 16 2:2553£ 10¡1
4th-order 32£ 32 4:2315£ 10¡2 -2.4141
64£ 64 9:1947£ 10¡3 -2.2023
128£ 128 2:2025£ 10¡3 -2.0616
Lattice size E2(6) L2(6)
16£ 16 1:4515£ 10¡1
32£ 32 3:5231£ 10¡2 -2.0426
64£ 64 8:7129£ 10¡3 -2.0156
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r ¢ u = 0; (17)
?????????????
@tu+ (u ¢ r)u = ¡1
½
rp+ ºr2u; (18)
Table. 4 Convergence behavior forr2u
Lattice size E3(7) L2(7)
16£ 16 1:7852£ 10¡1
32£ 32 4:6842£ 10¡2 -1.9302
64£ 64 1:1849£ 10¡2 -1.9831
128£ 128 2:9731£ 10¡3 -1.9947
Lattice size E3(8) L2(8)
16£ 16 2:5872£ 10¡1
2nd-order 32£ 32 7:1028£ 10¡2 -1.8650
64£ 64 1:8178£ 10¡2 -1.9662
128£ 128 4:5734£ 10¡3 -1.9908
Lattice size E3(9) L2(9)
16£ 16 1:7852£ 10¡1
32£ 32 4:6842£ 10¡2 -1.9302
64£ 64 1:1849£ 10¡2 -1.9831
128£ 128 2:9731£ 10¡3 -1.9947
Lattice size E3(10) L2(10)
16£ 16 1:3842£ 10¡1
32£ 32 3:4750£ 10¡2 -1.9940
64£ 64 8:6841£ 10¡3 -2.0006
128£ 128 2:1729£ 10¡3 -1.9987
Lattice size E3(11) L2(11)
16£ 16 1:6745£ 10¡1
4th-order 32£ 32 3:7158£ 10¡2 -2.1720
64£ 64 8:8455£ 10¡3 -2.0707
128£ 128 2:1832£ 10¡3 -2.0185
Lattice size E3(12) L2(12)
16£ 16 1:3842£ 10¡1
32£ 32 3:4750£ 10¡2 -1.9940
64£ 64 8:6841£ 10¡3 -2.0006
128£ 128 2:1729£ 10¡3 -1.9987






u^(x; y; t) = ¡u0exp[¡ºt(k21 + k22)]cos(k1x)sin(k2y); (19)
v^(x; y; t) = v0exp[¡ºt(k21 + k22)]sin(k1x)cos(k2y); (20)
??????? (x; y) ??????????u^(x; y; 0) =
¡u0cos(k1x)sin(k2y)?v^(x; y; 0) = v0sin(k1x)cos(k2y) ???
????????k1 ? k2 ??k1 = 2¼m=W ? k2 = 2¼n=W ?
??????????????????W £W ????m? n
???????????c = 1:0?¢t = 1:0?½ = 1:0?¿ = 0:8?
k1 = 4¼=W?k2 = 4¼=W?u0 = v0 = 0:01 ????? (19)?


















i = 1; 2; 3; (22)
??????????? u?????????? L2??? 2?
???? 2???LBM??????????????????
?????? 2?????????????? (1)?
??????????????? v^(x; y; t)???????
@v^(x; y; t)
@x
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?? LBM(4) ????????? 2 ?????? 4 ?????
????????????????????????????
????????????????????????????
????????? 64 £ 64 ???????????????
?????????????????????16 ??????
??????¿ = (1 + 1=
p
3)=2, µ = (¿ ¡ 1=2)=3, · = 0:01?
T = 0:55, a = 9=49, b = 2=21???????????????
???½G = 2:211?½L = 4:895????Fig.2(a)??????
?? 2?????????? 1???? 2???? 8?????
????????????????Fig.2(b)??1??????





??????Fig.2(d)????? (y = 33)?????????
??????????????????Fig.2(a)?(b)?(c) ??
????????????(£)?(²)?(+)??????? 1??
?? 4???? 10???? 4???????????????
??(±)?????????????????0:0005?????
(a) 2nd-order approximation (method 2 and 8)
(b) 4th-order approximation (method 6 and 12)
(c) 2nd-order approximation (method 1 and 7)
(finite difference approximation)












(d) The velocity and density profiles along the central line (y=33).













(a) t = 1,000 (b) t = 5,000
(c) t = 10,000 (d) t = 30,000
Fig. 3 Calculated velocity vectors and density contours
of a moving droplet (2nd-order).
(a) t = 1,000 (b) t = 5,000
(c) t = 10,000 (d) t = 30,000
Fig. 4 Calculated velocity vectors and density contours





? t = 0 ?????????????? uw = 0:1 ????Q.
Zou ?????????? 2 ???????????????
???????????????????? (5)???????








??2 ???? 4 ????????????????????
(a) t = 400 (b) t = 1,600
(c) t = 6,400 (d) t = 64,000
Fig. 5 Phase separation in a LB simulation on 256 times
256 meshes (2nd-order).
(a) t = 400 (b) t = 1,600
(c) t = 6,400 (d) t = 64,000
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???S » t® ???????????????? ® = 1=2??
???????????? ® = 1=3????????????

















Fig. 7 Reduced domain size plotted against time.
????????????????????????????
????????2??????????????????4?






























(1) Chen, S. and Doolen, G. D.,”Lattice Boltzmann Method for
Fluid FLows”Annu. Rev. Fluid Mech., 30 (1998), pp.329-
364.
(2) Seta, T. and Kono, K., ”Thermal Lattice Boltzmann Method
for Liquid-Gas Two-Phase Flows in Two Dimension”, JSME
Int. Journal B, 47, 3 (2004), pp.572-583.
(3) Swift, M., Orlandini, E., Osborn, W., and Yeomans, J., ”Lat-
tice Boltzmann simulations of liquid-gas and binary fluid sys-
tems”, Phys. Rev. E, 54 (1996), pp.5041-5052.
(4) Inamuro, T., Konishi, N., and Ogino, F., ”A Galilean invariant
model of the lattice Boltzmann method for multiphase fluid
flows using fee-energy approach”, Comp. Phys. Com., 129
(2000), pp.32-45.
(5) Zou, Q., and He, X., ”On Pressure and Velocity Boundary
Conditions for the Lattice Boltzmann BGK Model”, Phys.
Fluids, 9 (1997), pp.1591-1598.
(6) Gonza´lez-Segredo, N., Nekovee, M., Coveney, P. V., ”Three-
dimensional lattice-Boltzmann simulations of critical spin-
odal decomposition in binary immiscible fluids”, Phys. Rev.
E, 67 (2003), pp.046304 (7pages).
(7) Osborn, W., Orlandini, E.., Swift, M., Yeomans, J., and Ba-
navar, J., ”Lattice Boltzmann Study of Hydrodynamic Spin-
odal Decomposition”, Phys. Rev. Lett., 75 (1995), pp.4031-
4034.
(8) Seta, T. and Okui, K., ”Effects of Truncation Error of
Derivative Approximation for Two-Phase Lattice Boltzmann
Method”, Journal of Fluid Science and Technology, 2 (2007),
pp.139-151.
6
